Introduction
We say that the homotopy principle holds for a certain analytic or geometric problem if a solution exists provided there are no topological (or homotopical, cohomological,: : :) obstructions. One of the principal examples is the theory of smooth immersions developed during 1958{61 by S. Smale Sm1, Sm2] and M. Hirsch Hi1, Hi2] : Immersions of a smooth manifold X to a ne spaces IR N can be classi ed up to regular homotopy by their tangent maps, and hence by vector bundle injections from the tangent bundle TX to the trivial bundle X TIR N . In particular, an immersion X ! IR N exists if and only if TX admits a vector bundle injection into X IR N .
Slightly earlier J. Nash N1, N2] proved that every Riemannian manifold admits an isometric immersion into a Euclidean spaces with the at metric. In the process he discovered an important new method for inverting certain classes of non-linear partial di erential operators by using a suitably modi ed Newton's iteration to pass from solutions of the linearized problem to a solution of the non-linear problem. The Nash-Moser-Kolmogorov implicit function theorem became one of the key methods for proving the homotopy principle in problems involving underdetermined systems of partial di erential equations.
The homotopy principle was discovered even earlier in complex analysis where the customary expression for this phenomenon is the Oka principle. In 1939 Kiyoshi Oka Oka] studied the second Cousin problem: Given an open covering U = fU j g of a complex manifold X and a collection of nowhere vanishing holomorphic functions f ij 2 O (U ij ) satisfying the 1-cocycle condition (f ii = 1, f ij f ji = 1, f ij f jk f ki = 1), the problem is to nd a collection of nonvanishing holomorphic functions f i 2 O (U i ) such that f i = f ij f j on U ij = U i \ U j . (Here O denotes the multiplicative sheaf of nonvanishing holomorphic functions on X.) Oka proved that, if X is a domain of holomorphy in C n , a second Cousin problem can be solved by holomorphic functions f i provided that it can be solved by continuous functions. A modern formulation of Oka's theorem is that the Picard group Pic(X) = H 1 (X; O ) of equivalence classes of holomorphic line bundles is isomorphic to the group H 2 (X; Z), the isomorphism arising by applying the cohomology sequence to the exponential sheaf sequence 0 ! Z , ! O ! O ! 1, where the map O ! O is f ! exp(2 if).
In 1951 K. Stein Stn] introduced an important class of complex manifolds, now called Stein manifolds, on which the algebra of global holomorphic functions has similar properties as on domains of holomorphy. It soon became clear throught the work of Remmert Rem] that Stein manifolds can be characterized as being biholomorphic to closed complex submanifolds of the a ne complex spaces. (See also Narasimhan Na1, Na2] and Bishop Bis] . For the general theory of Stein manifolds we refer to the monographs GR], GRe] and H or].) H. Cartan proved that every coherent analytic sheaf on a Stein manifold is generated by global sections and has vanishing cohomology groups in all dimensions q 1 (Theorems A and B of Cartan). Thus every analytic problem on a Stein manifold whose only obstruction lies in such a group is solvable.
An equivalent formulation of Oka's result on the second Cousin problem is that two holomorphic line bundles on a Stein manifold are holomorphically isomorphic provided they are isomorphic as topological complex vector bundles. This problem has an immediate extension to vector bundles of rank q > 1. The holomorphic equivalence classes of such bundles are represented by the cohomology group H 1 (X; G q ) with coe cients in the non-abelian sheaf of (germs of) holomorphic maps X ! GL q (C). Cartan's theory does not apply directly to such sheaves and one must in some sense linearize the problem. This was done by H. Grauert in seminal papers Gra1, Gra2 ] from 1957-58 in which he proved that for complex vector bundles over Stein manifolds, holomorphic classi cation agrees with topological classi cation. (See also the expositions in Ram] , Ca], a recent di erent proof in HL1, HL2] , and the survey Lei].) Grauert reduced the problem to the homotopy classi cation of sections of principal ber bundles with homogeneous bers, showing that the inclusion of the space of holomorphic sections into the space of continuous sections of such bundles is a weak homotopy equivalence (the Oka-Grauert principle) .
Progress during the 1960's brought improvements and extensions of the Hirsch{Smale theory in real geometry and of Grauert's theory in complex geom-etry. Phillips Ph1, Ph2, Ph3] showed that the homotopy principle, analogous to the Hirsch-Smale theory of immersions, holds for smooth submersions and foliations of open manifolds. Forster Fs1, Fs2] applied the Oka-Grauert principle to study holomorphic embeddings of Stein manifolds in low dimensional a ne spaces. Forster and Ramspott FRa] proved the Oka principle in the problem of holomorphic complete intersections. In another direction, Gunning and Narasimhan GN] (1967) constructed noncritical holomorphic functions on any open Riemann surfaces.
The subject was revolutionized by Mikhael Gromov in 1973. In his seminal paper Gr1] Gromov developed the method of convex integration of di erential relations which established the homotopy principle in many seemingly unrelated geometric problems and showed that many of the earlier theorems, such as the Smale-Hirsch theory of immersions, as well as Phillips's results on submersions and foliations, were special cases of a general theorem. Gromov's methods initiated rapid progress in the subject, and new examples which t into this framework are being found even today. We refer the reader to Gromov's monograph Gro2, 1986] . During recent years other monographs appeared on this topic, see e.g. Sp] and EM]. The convex integration method, together with other methods for solving global problems such as the removal of singularities (Gromov and Eliashberg GE, Gro2] ), continuous sheaves Gro2], inversions of di erential operators (Nash N1, N2] , Hamilton Ham], Gromov Gro2]), today provides one of the cornestones of di erential topology and geometry.
In this paper we survey the homotopy principle in complex analysis and geometry, drawing parallels with the`smooth' geometry where appropriate. Results of this type are commonly referred to (as instances of) the Oka principle when the underlying manifold is Stein. To our knowledge this notion has never been precisely de ned, or at least there is no universal agreement on it. In the monograph GRe] of Grauert and Remmert one nds the following formulation on p. 145: Analytic problems (on Stein manifolds) which can be cohomologically formulated have only topological obstructions. If`cohomologically' is interpreted in the sense that the obstruction to a given problem lies in a cohomology group with coe cients in a coherent analytic sheaf then this is just Cartan's Theorem B. The Oka-Grauert theory goes a step further by reducing a holomorphic problem to a problem in homotopy theory. Hence one is tempted to include in the Oka principle all those analytic problems on Stein manifolds which can be homotopically formulated. There is a serious limitation to such attempts since certain analytic problems have no solution due to hyperbolicity (Picard's theorems, Kobayashi hyperbolicity, etc.).
What is then a sensible notion of the Oka principle which would adequately cover the known results? It's probably impossible to nd one. We adopt the convention Oka principle = the homotopy principle in complex analysis. We give precise de nitions, conforming to Gromov's Gro2] , in Section 1.
It is not surprising that some of the most powerful methods to prove the homotopy principle in the smooth category do not extend to the holomorphic category. The absence of partitions of unity can be substituted to a large extent by Cartan's theory and the @-methods of H ormander, Kohn and others. A more serious problem is that boundary values completely determine holomorphic objects. This disquali es the convex integration method which is based on extending a solution by induction over the skeleta of a CW-complex. Fortunately some of the other methods mentioned above remain applicable in Stein geometry. This holds for the elimination of singularities which reduces di erential conditions to essentially algebraic conditions along submanifolds (or complex subvarieties), as well as for the Nash-Moser theory of inverting di erential operators.
In 1970's it became clear that progress on many problems depended on extending the Oka-Grauert principle to sections of more general types of holomorphic submersions onto Stein manifolds. A crucial contribution was made by Henkin and Leiterer HL1, HL2] who reproved Grauert's theorem using thè bumping method' and a solution of the @-equation with uniform estimates on strongly pseudoconvex domains. Another key development was made by Gromov in 1989 Gro3] who introduced dominating sprays to replace the exponential maps in linearization problems which appear in the Oka-Grauert theory. The presence of a dominating spray on the ber of a holomorphic bundle over a Stein manifold implies the Oka principle for its sections. Results on this topic are given in Section 3.
In Section 4 we look at the question of removing intersections of holomorphic maps from Stein source manifolds with closed complex subvarieties of the (not necessarily Stein) target manifolds. Progress in this direction was made possible by the techniques developed to prove Gromov's Oka principle mentioned above. In the classical case of complete intersections the Oka principle was proved in 1967 by Forster and Ramspott FRa] .
In Section 5 we survey the results on embeddings and immersions of Stein manifolds into a ne spaces. In 1956 R. Remmert proved Rem] that every Stein manifold X n admits a proper holomorphic embedding in C 2n+1 and immersion in C 2n (see also Narasimhan Na1, Na2] and Bishop Bis] ). For embeddings of smooth manifolds X n ! IR N the general minimal dimension is N = 2n.
However, an n-dimensional Stein manifold X n behaves in the sense of homotopy theory as being at most real n-dimensional. After the initial work of Forster Fs1, Fs2] the optimal embedding dimension N = 3n=2] + 1 was conjectured by Gromov and Eliashberg in 1971 GE] is still open and we survey it in Section 6. In Section 7 we mention the recent results from F8] on the existence of noncritical holomorphic functions on Stein manifolds. In particular, the Oka principle has been proved for holomorphic submersions of Stein manifolds X to Euclidean spaces C q of dimension q < dim X.
The survey is not comprehensive in any way, and the choice of material re ects personal tastes and limitations of its author. Among the many topics which are not discussed we mention the existence and homotopy classi cation of Stein structures on even dimensional smooth manifolds; see Eliashberg's paper El] and the monographs by Gromov Gro2] and Gompf and Stipsicz GSt] . I apologize to all authors whose contributions to this eld may have been unjustly left out.
&1. The homotopy principle and the Oka principle.
We begin by recalling from Gro2] the notion of a di erential relation.
Consider a smooth submersion h: Z ! X between smooth real manifolds. Let Z (r) denote the space of r-jets of (germs of) smooth sections f: X ! Z for r = 0; 1; 2; : : :. The 0-jet of f at x 2 X is its value f(x) 2 Z x = h 1 (x). The r-jet j r
is determined in local coordinates near x 2 X resp. f(x) 2 Z by the partial derivatives of f of order r at x.
We have natural projections p r : Z the space of r-jets of holomorphic sections f: X ! Z. Note that for every section g: X ! Z (r) we get a corresponding`base point' section f = p r (g): X ! Z. In general g need not equal j r (f); when g = j r (f) we say that the section g is holonomic.
1.1 De nition. Gro2, p. 2] ) A di erential relation of order r is a subset R Z (r) of the r-jet bundle Z (r) . A C r section f: X ! Z is said to satisfy (or to be a solution of) R if j r (f): X ! Z (r) has values in R (i.e., j r x (f) belongs to the ber R f(x) = (p r ) 1 (f(x)) of R over the point f(x) 2 Z).
The relation R Z (r) is said to be open (resp. closed) when R is an open (resp. closed) subset of the jet bundle Z (r) . Natural examples of closed relations which arise in geometric problems are unions of submanifolds (or subvarieties) of the jet bundle Z (r) , and open relations as complements of submanifolds (or subvarieties). Di erential equations are examples of closed di erential relations. (r) satis es the holomorphic h-principle if every holomorphic section 0 : X ! R is homotopic through holomorphic sections t : X ! R to a holonomic holomorphic section 1 = j r (f): X ! R (where f: X ! Z is a holomorphic section of h: Z ! X). We say that R satis es the basic Oka principle if every continuous section 0 : X ! R is homotopic through a family of continuous sections of R to a holomorphic holonomic section of R. 1.3 Remarks. (a) In the C s -smooth case one usually takes the ne C s topology on the space of C s sections X ! Z. In the holomorphic case one must use the weaker compact-open topology to obtain meaningful results. (b) One can introduce more re ned notions such as the parametric h-principle, the h-principle with approximation (or interpolation), the relative h-principle, etc. We refer the reader to Gro2]. In section two we introduce some of these notions in the holomorphic case (for relations of order zero).
(c) The problem of deforming a continuous section 0 : X ! R to a holomorphic holonomic section can be treated in two steps:
-rst deform 0 through continuous sections of R to a holomorphic section 1 : X ! R (the ordinary Oka principle for sections X ! R); -deform a (non-holonomic) holomorphic section 1 : X ! R through a homotopy of holomorphic sections t : X ! R (t 2 1; 2]) to a holomorphic holonomic section 2 = j r (f) (the holomorphic h-principle).
1. &2. The Oka principle for mappings: rst examples. Let X and Y be complex manifolds. We say that mappings X ! Y satisfy the basic Oka principle if every continuous map is homotopic to a holomorphic map. More generally, let P be a compact Hausdor space (the parameter space) and P 0 P be a compact subset which is a strong deformation retraction of some neighborhood of P 0 in P. We The basic Oka principle can hold for a trivial reason that either of the manifolds X or Y is contractible (hence every map is homotopic to constant). However, topological contractibility does not necessarily imply the parametric (or any other) Oka principle. In all nontrivial situations where the Oka principle has been established for all Stein source manifolds X, it was actually proved in the strongest form (parametric, with interpolation and approximation). This is no coincidence since at least the approximation is built into all the known proofs.
We collect positive results on the Oka principle for maps (and sections) in Section 3 below. In the remainder of this section we give examples illustrating the failure of the Oka principle for maps from Stein source manifolds. In most examples the reason for the failure is hyperbolicity of the target manifold.
2.3 Example. If either X or Y is contractible then the Oka principle for maps X ! Y trivially holds. However, the Oka principle with approximation fails already for self-maps of the unit disc U = fz 2 C: jzj < 1g: If a 2 Unf0g and 0 < r < 1 jaj, the translation f(z) = z+a maps fjzj < rg holomorphically into U and it extends to a smooth a map U ! U, but it cannot be approximated uniformly on any neighborhood of the origin 0 2 U by a holomorphic map g: U ! U since this would give g 0 (0) f 0 (0) = 1 in contradiction to the Schwarz lemma. We have k 0 < +1 since Cnf0; 1g is complete hyperbolic. Observe that the Kobayashi length of f(C) Cnf0; 1g is at most l. We consider two cases. Case 1. There exists a 2 IR such that jf(e i =2)j 2. Then for all 2 IR we have jf(e i =2)j k 0 by the choice of k 0 . Rouch e's theorem shows that for every k > 2k 0 the equation kz f(z) = 0 has a solution with jzj < 1=2, and at this point the graph of f intersects k .
Case 2. For every 2 IR we have jf(e i =2)j > 2. Since f has values in Cnf0; 1g, so does g = 1=f, and the above gives jg(e i =2)j < 1=2 for every . Rouch e's theorem implies that z g(z) = z 1 f(z) has one zero with jzj < 1=2, which means that zf(z) = 1 has a solution with jzj < 1=2. At this point the graph of f intersects k . This completes the proof.
2.7 Example. This example is taken from FP3]. For every n 2 IN there exists a discrete subset P C n such that the basic Oka principle fails for maps X ! C n nP from some Stein manifold X. In fact this holds for any discrete set P which is unavoidable in the sense of Rosay and Rudin RR], i.e., such that any entire map C n ! C n of generically maximal rank intersects P in nitely often. Alternatively, any entire map C k ! C n nP has rank < n at each point (here k may be di erent from n). The same holds for maps X ! C n nP for any X covered by an a ne space.
A simple argument shows that any holomorphic map X ! C n nP of rank < n is homotopic to the constant map in C n nP. However, for certain X covered by an a ne space there exist homotopically nontrivial smooth maps X ! C n nP and hence the Oka principle fails. To obtain such an example let n = 2 and X = (Cnf0g) 3 (which is universally covered by C 3 ). There is a smooth contraction of X onto the standard torus T 3.6 Example: Matrix-valued maps with nonzero determinant. Let X be a Stein manifold and g 1 ; : : :; g k : X ! C n holomorphic maps (with 1 k < n) such that the vectors g 1 (x); : : :; g k (x) 2 C n are C-linearly independent for every x 2 X. The problem is to nd holomorphic maps g k+1 ; : : : ; g n : X ! C n such that the matrix g(x) = (g 1 (x); : : :; g n (x)) with columns g j (x) satis es det g(x) 6 = 0 (or even det g(x) = 1) for every x 2 X. The Oka principle holds in this problem (in all forms); in particular, a holomorphic solution exists provided there exists a continuous solution. To see this we consider the manifold Z = f(x; v k+1 ; : : :; v n ): x 2 X; v j 2 C n for j = k + 1; : : :; n; det(g 1 (x); : : :; g k (x); v k+1 ; : : :; v n ) 6 = 0g
with the projection h: Z ! X onto the rst factor. A solution to the problem is a section X ! Z of this bration. The Oka principle follows from the observation that Z ! X is a holomorphic ber bundle whose ber GL n k (C) C k(n k) is a complex Lie group. For maps into SL n (C) is su ces to divide one of the columns by the (nonvanishing) determinant function. Gra1, Gra2, Ca, Ram] . A very important develoment which really opened the way to generalizations was the work of Henkin and Leiterer in 1984 HL1] (which was eventually published in 1998 HL2]) where they introduced the bumping method to this problem. Its main advantage over the original method of Grauert is that one only needs the Oka-Weil approximation theorem for sections of Z ! X over small subsets of the base X. The second main contribution was made by Gromov Gro3] who replaced the exponential map on the ber (which was used in Grauert's proof to linearize the problems) by the more exible notion of a dominating spray. The idea of using several sprays instead of one is implicitly present in Gro3], but the condition which we call subellipticity was not formulated there explicitly, and the Oka principle was stated in Gro3] only for elliptic submersions.
3.9 Example: Avoiding subvarieties with algebraic bers. Let h: Z ! X be a ber bundle with ber Z x = h 1 (x) ' CIP n or a complex Grassmanian.
Assume that A is a closed complex subvariety of Z whose ber A x = A\Z x has complex codimension at least two in Z x for every x 2 X. (A x is algebraic by Chow's theorem.) Then the restricted submersion h: ZnA ! X is subelliptic and hence Theorem 3.8 applies (Proposition 1.2 (b) in F5]). If Z is obtained from a holomorphic vector bundle E ! X by taking projective closure of each ber (i.e., Z x ' CIP n is obtained by adding to E x ' C n the hyperplane at in nity x ' CIP n 1 for every x 2 X), the restricted submersion h: EnA ! X is even elliptic (Corollary 1.8 in FP2]). The Oka principle for such submersions is used in the constructions of proper holomorphic immersion and embeddings of Stein manifolds in a ne spaces of minimal dimension (Section 5).
3.10 Discussion: Ellipticity versus subellipticity. By de nition every elliptic complex manifold is also subelliptic. It is not known whether there exist subelliptic manifolds which are not elliptic. Natural candidates for a possible counterexample are the complements Y = CIP n nA of generic algebraic subvarieties A CIP n of codimension at least two (and of su ciently large degree); see Example 3.5. Such Y admits a nite dominating family of algebraic sprays de ned on negative line bundles over CIP n , but we don't see how to obtain a dominating spray. ( and rigidity for d n + 2 (due to hyperbolicity of CIP n nA).
We say that the Oka principle holds if the existence of a homotopy of continuous maps X ! Y (which remain holomorphic near X 0 and remove X 1 from the preimage) implies the existence of a holomorphic homotopy with the required properties. We break down the problem as follows:
Step 1: Find a homotopy f t : X ! Y (0 t 1=2), with f 0 = f, such that each f t equals f in an open neighborhood of X 0 in X and f 1 1=2 (A) = X 0 . This is a homotopy theoretical problem.
Step 2: With f 1=2 as in Step 1, nd a homotopy f t : X ! Y (1=2 t 1) such that each f t is holomorphic near X 0 and matches f on X 0 , f 1 t (A) = X 0 for each t, and f 1 is holomorphic on X. A solution is given by Theorem 4.2 below provided that X is Stein and Y nA is subelliptic.
Step 3: Deform the combined homotopy f t (0 t 1) which is a smooth (even real-analytic) complete intersection but which is not a holomorphic complete intersection. More precisely, given any compact orientable two dimensional surface M of genus g 2, there is a three dimensional Stein manifold X which is homotopy equivalent to M and whose tangent bundle TX is trivial as a real vector bundle but is nontrivial as a complex vector bundle over X. The image of any proper holomorphic embedding of X in C Problem: Let X C n be a closed complex submanifold such that (i) X is a smooth complete intersection in C n , and (ii) its normal bundle TC n j X =TX is trivial as a complex vector bundle (hence X is a holomorphic complete intersection in an open neighborhood U C n ). Is X a holomorphic complete intersection in C n ? 4.7 Example: Unavoidable discrete sets. Theorem 4.4 fails if Y = C n and A is any unavoidable discrete subset of C n (see Example 2.7 above). To see this, write A = fpg A 1 for some p 2 A. Then A 1 is still unavoidable and consequently every entire map F: C n ! C n nA 1 has rank < n at each point. Take X = C n , f = Id: C n ! C n , X 0 = fpg and X 1 = A 1 . The conditions of Theorem 4.4 are clearly satis ed but its conclusion fails since the rank condition for holomorphic maps F: C n ! C n nA 1 implies that F 1 (p) contains no isolated points, and hence X 0 = fpg cannot be a connected component of F 1 (p).
&5. Embeddings and immersions of Stein manifolds.
In this section we collect the main results on holomorphic immersions and embeddings of Stein manifolds into a ne complex spaces. The rst general embedding result is due to Remmert Rem] (1956) The main reason why Stein manifolds admit embeddings in relatively low dimensional Euclidean spaces is that they are topologically fairly simple: Every Stein manifold is homotopic to a CW-complex of real dimension at most dim X by a theorem of Lefschetz AF].
The proof of Theorem 5.1 in EG] and Sch] relies on the elimination of singularities method and on the Oka principle for sections of certain submersions onto Stein manifolds (see Example 3.9 above). We describe the main idea.
One begins by choosing a generic almost proper holomorphic map b: X n ! C n constructed by Bishop Bis] . This means that the b-preimage of any compact set in C n has (at most countably many) compact connected components. We then try to nd a map g: X ! C q which`desingularizes b' in the sense that f = (b; g): X ! C n+q is a proper holomorphic embedding (resp. immersion).
Properness is easily achieved by choosing g su ciently large on a certain sequence of compact sets in X (here we need that b is almost proper).
To insure that f = (b; g) is an immersion we must choose g such that its di erential dg x is nondegenerate on the kernel of db x at each x 2 X. To obtain injectivity we must choose g to separate points on the bers of b. Both requirements can be satis ed if q n=2] + 1 and this number is determined by topological restrictions. (The immersion condition requires q n=2].) One proves this by a nite induction. We stratify X by a descending nite chain of closed complex subvarieties X = X 0 X 1 X 2 : : : X m = ; such that the kernel of db x has constant dimension on each stratum S k = X k nX k+1 (which is chosen to be nonsingular), and the number of distinct points in b 1 (x) is constant for x 2 S k . (In the actual proof we must replace X by a suitable subset B X which is mapped by b properly onto a bounded domain in C n ; in the end we perform an induction by increasing B to X.) Furthermore, once
we have a map g k : X ! C q satisfying these conditions along X k , we choose g k 1 : X ! C q such that it sats es both condition on the next stratum S k 1 and agrees with g k to second order along X k (so that g k 1 does not destroy what g k has achieved). A suitable g k 1 is obtained by the Oka principle (Section 3) provided there are no topological obstructions, and this is so when q n=2]+1. Although Theorem 5.1 gives the optimal result for the entire collection of n-dimensional Stein manifolds, the method does not give a better result for simple' Stein manifolds which are expected to embed in lower dimensional space. For instance, it is not known what is the minimal proper embedding dimension of the polydisc or the ball in C n . Globevnik proved by a di erent method (using shear automorphisms of C n ) that there are arbitrarily small perturbations of the polydisc in C n which embed in C n+1 Gl2].
5.3 Question. What is the proper holomorhic embedding dimension of the ball? The polydisc? A general convex domains in C n ? On which property of the domain does it depend?
We now consider the existence of relative embeddings. The following result was proved in ABT] following the method of Narasimhan Na2]. is an entire map which has rank n at a generic point of C n and whose image misses f(C n 1 ) C 2n 1 in contradiction to the assumption on f.
In Theorem 5.5 the image f(X) C N contains a given discrete set fp j g C N , but we don't specify the points in X which correspond to the points p j under the embedding f. The following more precise interpolation theorem was proved recently by J. Prezelj Pr1].
5.8 Theorem. Let X be a Stein manifold of dimension n 1. De ne q(n) = Comparing with Theorem 5.1 we see that the embedding dimension is minimal for even n and is o by at most one for odd n. Prezelj's proof in Pr1] uses an improved version of the scheme from EG] and Sch]. By entirely di erent methods (using holomorphic automorphisms) J. Globevnik proved that the conclusion of Theorem 5.8 also holds for proper holomorphic embeddings of the unit disc in C can be changed by a homotopy (through q-tuples generating T X) to a q-tuple (df 1 ; : : :; df q ) where f = (f 1 ; : : :; f q ): X ! C q is a holomorphic immersion.
The idea of the proof is the following. By the Oka-Grauert principle we may assume that j are holomorphic 1-forms. In the rst step one of the forms, say q , is replaced by the di erential df q of a holomorphic function on X such that 1 ; : : :; q 1 ; df q still generate T X. Since q > dim X, we may assume that the forms 1 ; : : :; q 1 already generate T X outside a proper complex subvariety X, and f q must satisfy an essentially algebraic condition on its jet along . Once f q has been chosen one proceeds in the same way and replaces q 1 with an exact di erential. In nitely many steps all forms are replaced with di erentials. The technical details of the proof are considerable. . The obstruction to the proof is explained by Example 2.6 in Section 2 and is caused by hyperbolicity. The main di culty is to nd injective holomorphic maps from open Riemann surfaces to C 2 ; this is essentially equivalent to the alge-bra of holomorphic functions being doubly generated. Here are some Riemann surfaces which are known to embed in C 2 : { the disc U = fz 2 C: jzj < 1g (Kasahara and Nishino Ste]); { annuli f1 < jzj < rg (Laufer Lau] ), { punctured disc Unf0g (Alexander Ale] ), { all nitely connected planar domains C di erent from C whose boundary contains no isolated points (Globevnik and Stens nes GS]). We now consider the embedding problem for bordered Riemann surfaces.
&6. Embeddings of open
Let R be a compact, orientable, smooth real surfaces whose boundary bR = m j=1 C j consists of nitely many curves and no isolated points. Such R is a sphere with g handles (g is the geometric genus of R) and m 1 holes (removed discs). A complex structure on R is determined by a real endomorphism J of the There are many consequences for holomorphic foliations. In particular, every Stein manifold X admits a holomorphic foliation by closed complex hypersurfaces transverse to any given closed complex submanifold in X. Any closed complex hypersurface in X with trivial normal bundle is a leaf in a holomorphic foliation by closed complex hypersurfaces.
The main question considered in F8] is how many holomorphic functions with everywhere linearly independent di erentials do there exist on a given Stein manifold X. Thus for a given q dim X we are looking for f 1 ; : : :; f q 2 O(X) such that df 1^ ^df q 6 = 0 on X. Equivalently, f = (f 1 ; : : :; f q ): X ! C q is a holomorphic submersion. A clear necessary condition is that there exists a q-tuple = ( 1 ; : : :; q ) of di erential (1; 0)-forms on X with continuous (or smooth) coe cients such that 1^ ^ q 6 = 0 at each point of X. Any such q-tuple will be called a q-coframe on X. A holomorphic q-coframe consists of holomorphic 1-form. The main result of F8] is that for q < dim X this necessary condition is also su cient. In particular it follows that every trivial complex subbundle T X of rank q < dim X in the cotangent bundle T X is homotopic to a subbundle of T X generated by independent holomorphic di erentials df 1 ; : : :; df q . There is a dual formulation in terms of subbundles of the tangent bundle (taking E = ker TX, with ' (T X=E) T X): 7.3 Corollary. Let X be a Stein manifold of dimension n and E TX a complex subbundle of rank k 1. If the quotient bundle TX=E is trivial then E is homotopic to an integrable holomorphic subbundle e E = ker df, where f = (f 1 ; : : :; f q ): X ! C q (q = n k) is a holomorphic submersion.
If E is holomorphic then the homotopy may be chosen through holomorphic subbundles. The corresponding homotopy principle for submersions of smooth open manifolds to IR q is due to Phillips Ph1, Ph3] (see also Gr2]). For an extension to smooth (or real-analytic) foliations see Ph2] and Th1, Th2] .
By the Lefschetz theorem AF] a Stein manifold X of complex dimension n is homotopic to a CW-complex of real dimension at most n. Elementary homotopy theory implies that every complex vector bundle of rank m n=2]+ 1 on X admits a nonvanishing section, and hence it admits a trivial complex line subbundle. Applying this inductively we see that T X admits a trivial complex subbundle of rank (n + 1)=2]. Hence Corollary 7.3 implies 7.4 Corollary. Every n-dimensional Stein manifold X admits a holomorphic submersion to C q for any q = 1; : : :; (n + 1)=2], and hence it admits k-dimensional holomorphic foliations for k = n=2]; : : :; n 1. A parallelizable Stein manifold X n admits a holomorphic submersion X ! C n 1 and holomorphic foliations of any dimension 1; 2; : : :; n 1.
For example, the complex seven sphere The construction of noncritical holomorphic functions and submersions in F8] depends on three main ingredients. The rst is a method for approximating noncritical holomorphic functions on polynomially convex subsets of C n by entire noncritical functions. This uses the theory of holomorphic automorphisms of a ne complex spaces from And, AL, FRo] . A similar method is used for submersions C n ! C q with 1 < q < n, but with a weaker conclusion.
The second one is a tool for patching holomorphic maps preserving the maximal rank condition. It is based on a compositional splitting of the biholomorphic transition map between two such maps on certain special con gurations of domains.
The construction of holomorphic submersions X ! C q for q > 1 also uses a new device for crossing the critical points of a strongly plurisubharmonic exhaustion function : X ! IR. (This is not needed for q = 1.) Let p 2 X be a critical point of . Using the ordinary homotopy principle we obtain a smooth maximal rank extension of the map f from a sublevel set f cg X (where c < (p) is close to (p)) to a totally real handle E X attached to f cg which describes the change of topology at p. We then construct a family of increasing regular strongly pseudoconvex neigborhoods of f cg E such that the largest one contains a sublevel set f < c 0 g for some c 0 > (p). This reduces the extension problem to the noncritical case for a di erent strongly plurisubharmonic function and lets us pass the critical level of at p.
The construction of holomorphic submersions X ! C q in F8] breaks down for q = dim X due to a Picard type obstruction in the approximation problem for submersions on Euclidean spaces.
